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OBSERVED STATISTICAL BEHAVIOR OF RADAR MOON ECHO SIGNALS

INTRODUCTION

It is well known that radiation scattered from moving rough surfaces is random [1].
An example of a moving rough object encountered in radar astronomy is the Moon. The
irregularity of the Moon's surface produces wave multiplicity, whereas lunar librations
make this wave multiplicity variable in time, variable in a random way. Thus statistical
properties of Moon echo data, such as average scattered power and fading rates, have
been used in the past [2-10] to discuss theoretical rough surface models of the lunar
terrain and Moon echo signal-processing techniques. It is the intent of this report to
enlarge the statistical data base presently available in the literature on radar Moon echoes
by presenting some results of a Moon bounce radar experiment conducted at the Naval
Research Laboratory (NRL) on May 1, 1972.

In this report we shall be concerned with a statistical data analysis of the quasi-spec-
ular portion [9,10] of Moon echoes. The physical mechanisms for signal randomness are
reviewed briefly. Relevant radar parameters used in this experiment and the data reduc-
tion scheme followed for processing in a digital computer are then discussed. Plots of
averaged Moon echoes, ensemble autocorrelation functions, and Moon echo sample prob-
ability density functions at a fixed range are presented.

PHYSICAL MECHANISM OF WAVE SCATTER

As mentioned earlier, lunar librations constitute the physical mechanism behind
random electromagnetic wave scatter from the lunar surface. The phenomenon of
libration can be regarded as a slow rocking of the lunar disk as seen from the Earth.
Because the Earth-Moon orbital lock is not perfect, small departures from synchronism
take place, and the subterrestrial point approximately traces out an ellipse on the lunar
surface over a one-month period in the selenographic quadrant ±80 latitude and +80 longi-
tude [3,5,9,10]. These are the so-called physical librations in latitude and longitude. In
addition, there is a diurnal libration caused by the parallactic shift between the center of
the Moon's disk and the true center of the Moon as the Earth rotates. This diurnal libra-
tion causes the subradar point to wander on the lunar surface by an additional 20 in lati-
tude and longitude on any given day of the month. The total rate of libration kT seen
by an Earth observer can be expressed as the projection normal to the line of sight of
the vector sum of the physical and diurnal librations. An expression for kT is given by
[5,10]

T = [(L + (12 X 10- 7 ) cos 0 cos 6 cos LHA)2

+ (kg + (12 X 10-7)cos sin sinLHA)2 ]1 /2, (1)
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where

kT = total rate of libration, in rad/s

f = site latitude

LHA= local hour angle

6 = maximum lunar declination during month

L= libration in longitude

B= libration in latitude.

The values of VL, Qk, and 6 may be obtained from tables of ephemeris for physical obser-
vations of the Moon listed in the American Ephemeris and Nautical Almanac. The LHA
may be obtained from knowledge of Moon tracks at the site latitude. Figure 1 shows a
plot of the total rate of libration VT (Eq. (1) ) vs time for May 1, 1972 in the interval
from moonrise to moonset, corresponding to the following parameters:

= 38.520

6 = 7.790

L= - 1.180/day = -2.37 X 10-7 rad/s

Q = - 0.960/day =-1.93 X 10-7 rad/s

It is to be noted that the total libration rate reaches a broad maximum practically at
meridian transit and drops by more than 75% at moonset. These are important features,
as explained next.

Because of the Moon's librations, the lunar aspect at the subradar point changes with
time. Since at UHF through SHF wavelengths the Moon can be considered to be a rough
target [9], at these wavelengths there will be a randomly varying distribution of scattering
centers with time, and the direction of the total reflected wave will change randomly in
time. The projection of the scattered propagation vector along the specular line of sight
will have, then, randomly varying intensities or fadings. If the lunar aspect changes very
fast, i.e., a high libration rate exists, there will be rapid fades in the scattered radiation
and the pulse-to-pulse correlation will be low. On the other hand for a small libration
rate the returns, although diffuse, will be highly correlated. Typical values of the pulse-
to-pulse correlation coefficient of echoes is apart have been shown to be [5] about 0.4
for periods of high fading rates and 0.98 for periods of low fading rates. Thus the mag-
nitude of the libration rate plays a decisive role in determining the degree of randomness
of the signal. Furthermore the time rate of change of the libration rate determines the
extent of the stationarity of the random signal. It can be assumed that when the total
change of the libration rate over some time interval is an arbitrarily small percent of the
maximum libration rate, the resultant statistical properties over that time interval will be
weakly stationary. Otherwise, the statistics can be assumed nonstationary. It is clear,
then, that any determination of- the random properties of the reflected radiation has to
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take into consideration the time interval of the scattering, i.e., where on the libration
curve the statistics were obtained. In Fig. 1 we show the time interval corresponding
to the duration of the radar experiment reported on in this report. The timing was
such that it encompassed the broad maximum of the libration rate, which provided for
observations of radar moon echoes containing a high degree of signal randomness. Fig. 2
shows the time interval enlarged. We note that during the course of the experiment the
libration rate VT fell by less than 10% of its maximum value; during the first 33 min. it
changed by only 0.5%. We have assumed weak stationarity if the libration rate for a
given time subinterval changed by less than 0.5%. Thus, the statistics presented in this
report have been obtained over time subintervals that provided for weak stationarity
within the stated limitations.

HOURS FROM MERIDIAN TRANSIT

-6 -4 -2 0 2 4 6
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MAY 1,1972

AGE 17. Id

8 N 38.52 ° -1-- DURATION OF
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Fig. 1 -Total libration rate QT calculated from Eq. (1)
for moonrise to moonset

RADAR DATA

The experiment took place on May 1, 1972 between 06h 56m 45s and 08h42m 035 GMT.
Electromagnetic pulses were transmitted from the 150-ft dish at NRL's Chesapeake Bay
Division, Maryland, at a radio frequency of 138.6 MHz with circular polarization. These
pulses had lengths of 10, 20, 50, 100 and 200 40s and were beamed at the Moon continuously
at pulse repetition frequencies (PRIP) of 500, 250, 100, 50 and 25 Hz, respectively, by
tracking the Moon as it swept across the sky. Acquisition of Moon echoes was effected at
NRL's 150-ft dish in Sugar Grove, West Virginia, using similar tracking techniques. The
reflected RF signals were frequency converted and recorded on magnetic tape at 120
inches per second (ips) as predetected 450-kHz IF pulses. The reduction of the data to
a digital format was accomplished at NRL's Research Computation Center (RCC).
Selected portions of the run were played back at 30 ips through a 100 kHz diode
(envelope) detector and digitized in an 8-bit analog-to-digital (A/D) converter clocked
at a 562.5-kHz sampling rate. A CDC 1604B digital computer received the output of
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the digitizer, formatted the data, and recorded it on digital magnetic tapes. These tapes
were later taken to a CDC-3800 computer for statistical data analysis.

MINUTES FROM MERIDIAN TRANSIT
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Fig. 2 - Total libration rate 9T for duration of experiment

Because of the low repetition rates and short pulse widths used in the experiment,
the signal took up a small portion of the period corresponding to a single sweep. Moon
echoes have a total range spread of 11.6 ms (in units of travel time), but the quasi-specu-
lar component of interest here is the dominant part of the return for the first couple of
milliseconds at the operating RF frequency. Thus, the analog signal to be digitized was
broken up into "digitizing windows" a few milliseconds long. During any given period
of the incoming signal, the CDC 1604B computer directed sampling of the signal within
the preset window, dumped the data during the off time of the window to digital mag-
netic tape units (MTU) at a rate comparable with the MTU's speed, and got ready for
the next period. Hence records stored in the digital magnetic tapes belonged to different
but consecutive periods of the lunar echoes. The digital datum x(i, j) was then a function
of the ith period (or record number) measured from the start of the digitizing run and
the jth time sample measured from the start of the digitizing window. This kind of
format synchronization allowed for continuous sampling of time histories at the desired
time intervals.

STATISTICAL CHARACTERISTICS

Average Moon Echo

Figures 3-7 show the shape of the average Moon echo signal power from the time
radar pulses impinge on the Moon (negative relay region) to a few hundred microseconds'
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Fig. 3 - Average moon echo, 200-ps transmitted pulse width
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Fig. 5 - Average moon echo, 50-us
transmitted pulse width
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Fig. 7 - Average moon echo, 10-/Is
transmitted pulse width

delay. These curves were obtained by computer programming a cumulative average of
the digitized datum x(i, j) in the form

N

x(j) = Nod x~i,
i~=1

(2)

and plotting it vs jAt, where N is the total number of echoes averaged in for each trans-
mitted pulse-width sequence and At is the intersample interval 1/562.5 ms. The ratio of
N over the PRF is the real time elapsed during digitizing for a particular pulse-width se-
quence. Table 1 summarizes the elapsed times for each sequence. The zero delay point
was chosen to be the instant corresponding to maximum signal power. It is interesting
to note in Figs. 3-7 that the shape of the scattered power in the positive delay region is
basically the same for different transmitted pulse widths. The only exception might be
the 200-/s echo, Fig. 3. In fact, an exponential function of the form exp (-t/a) has been
drawn in dashed lines on these figures and found to fit the delay tails rather well when
a = 100 /us. This behavior is consistent with previously obtained results for pulse widths
of the order of 10 /Is at similar RF frequencies [2,9]. However, for pulse widths longer
than 10 /us, the total shape of the received-echo power (both positive and negative delays)
is better fitted by a function of the form

f(t) = [U(t + T) - U(t)] + [exp (-t/a)] U(t) (3)

where t is delay time, T is the transmitted pulse width, a is a constant presumably de-
pendent upon the RF frequency, and U(t) is the unit step function. For example, the
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the 100-/s average Moon echo, Fig. 4, is reasonably fitted by

f(t) = [U(t + 100) - U(t)] + [exp (-t/100)] U(t)

where t is measured in microseconds of delay. The rounding of the corners, most notice-
able in Figs. 3 and 5, may be attributed in part to rough surface effects: scattered echoes
from mountain peaks and sides arrive ahead of the time they would arrive had they been
reflected from the mean surface, while those scattered from the flatlands arrive later. It
might be possible to relate this spread of the leading edge of the lunar echo to a surface
roughness coefficient, as has been done for space-radar altimeter returns in geodetic appli-
cations [11]. Such interpretation of the data, however, assumes a highly stable frequency
source common to the radar system and the digitizing clock in order to minimize pulse-
to pulse jitter. Such a reference source was not provided in this experiment and hence
the rounding of the corners may also be due in part to the data drifting across the digit-
izing window.

Table 1
Elapsed Time for Each Pulse Width Sequence

Pulse width (/us) PRF (Hz) N(No.ofRecords) Elapsed time (s)

200 25 1000 40
100 50 1000 20

50 100 4000 40
20 250 8000 32
10 500 8000 16

Autocorrelation Functions

Another characteristic of importance in the study of stochastic
autocorrelation function, defined as

R(j, k) =

signals is the signal

Ni{

where

N

x(i) = N E x(i, j)
i=1

8

- 9(i)] [x(i, k) - 9W11
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N
9(k) = T x(i, k)

i~1
N

x(j) 1 [x(i, j) - g(j)]2t 1/2

N
x(k) = j[x(i, k) - (k)]2I 1/2.

Notice that Eq. (4) indicates a statistical averaging over the data sample space, as opposed
to a time averaging over echo duration. Thus, it represents an ensemble autocorrelation
and not a time autocorrelation. In weak stationarity conditions, such as those assumed
here, the random processes are unaffected by translations of the origin for time. The
autocorrelations R(j, k) now depend only on the separation 1 = k - j so that R(j, k) = R(i3).
The resolving power of correlation function computation Ar is then the total lag time divided
by the number of lag steps. In our study of Moon echo data, the correlation matrix given
by Eq. (4) was computed for the various pulse-width sequences and R(f3 = k -1) was plotted
vs a = (k -1)Ar. The total lag time varied from sequence to sequence, depending upon
record length and region of interest, but the total number of steps k was fixed at 178.

The Moon echo signals used in this study were, to some degree, corrupted by white
noise. To better interpret trends in the autocorrelation function of the data, R(U) for
noise time samples was computed and plotted in Fig. 8 for a 1.33-/Us resolution. If the
bandpass of the white noise had been a boxcar function of width B Hz, R(U) would have
had a (sin aB)/aB dependence. However, the diode detector used in the acquisition of
the data probably had a tapered frequency response that enlarged the main lobe and
reduced the side lobes of the expected (sin uB)/cxB function; hence, the shape shown in
Fig. 8, a very sharp spike centered about a = 0 of 14 /Is width at the zero crossover and
an essentially featureless character thereafter. Therefore, except for a difference in level
at a = 0, ensemble autocorrelation of the data for a large number of records yields the
ensemble autocorrelation of the noiseless signal.

In Fig. 9 we show the ensemble autocorrelation of the 100-/Is scattered pulse for a
3.1-/s resolution. As may be noticed, the function persists in a quasi-periodic mode even
for long lags. This periodic component, although somewhat unexpected, has been observed
previously in Moon echo studies [12-15] and has been attributed to the large-scale features
of the lunar terrain. A curve fit to Fig. 9 for the first few hundred microseconds results
in a correlation function of the form

R(cx) = A sn()+ B cos(T2 a), (5)

(T,

9



LORENZO J. ABELLA

08 F-

0 50 100 150 200 250 300
LAG (used

Fig. 8 - Autocorrelation function of
noise time samples.

250 300 350 400 450 500
LAG (ARSEC)

Fig. 9 - Moon echo autocorrelation function,
100-/Is transmitted pulse width

10

0.61

wa

- 0.4
0.

2

0

NOISE SAMPLES

P I

I I I I I

w00.4
I'-
-J
0.
M 0.2



NRL REPORT 7717

where T1 = 42 /Is, T2 = 195 /Is, A = 0.873, B = 0.127, and ae is lag time measured in
microseconds. Examination of the autocorrelation plots of the 200-, 50-, and 20-/s
scattered pulses, Figs. 10, 11 and 12 respectively, reveals a lag dependence similar to
that given by Eq. (5). Table 2 summarizes the values of T1 and T2 for the various
transmitted pulse widths and the corresponding correlation resolutions. We note that
the T1 parameter, which is one measure of the signal randomness, varies in rough pro-
portion to the transmitted pulse width. However, the period of the quasi-periodic
component T2 is fairly independent of pulse width. This is indicative of the signal
having a uniform power spectrum of width roughly proportional to the reciprocal of
the pulse width, with a peaked spectral component, i.e., having the form of narrowband
noise. No periodicity is detectable in the 20-/s correlation function, Fig. 12. This may
be caused by a decrease in the signal-to-noise ratio of the data due to lunar echo modu-
lation losses [2]. In this case, the noise variance for the total number of records averaged
is such that it obscures the quasi-periodic component of the signal autocorrelation. In
fact, no features were discernible in the autocorrelation plot for the 10-/s Moon echo on
account of an even lower signal-to-noise ratio. Although a greater number of records N
could have been correlated to decrease the noise variance, this was undesirable since the
libration rate then would not be nearly uniform for the entire run, and nonstationary
statistics might have been generated.
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Fig. 10 - Moon echo autocorrelation function,
200-/Is transmitted pulse width
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Table 2
Summary of Echo Autocorrelation Parameters for Each Pulse Width Sequence

I ~~~~~~~~~~~~Correlation
Pulse width (,us) T1 (/s) T2 (/Is) Resolution (Is)

200 130 190 3.1
100 42 195 3.1

50 14 190 2.2
20 8.7 _ 2.2

Sample Probability Density Functions

The theoretical distribution on Moon echo fluctuations at a fixed range x(i, j = con-
stant) is a Rayleigh distribution [1]. This is actually the square root of a chi-square
distribution with two degrees of freedom. The probability density function (PDF) of
such a distribution is given as

g(x) = (a2) exp(. .2) (6)

where

E[x 2 ] = | x 2 g(x)dx = 202. (7)
0

Previous observation of pulse fluctuations at an S-band frequency of 2860 MHz [16]
have indicated that their distribution tended toward Rayleigh as the delay at which the
amplitudes were sampled increased. To show that Moon echo amplitudes in the present
investigation also appear to follow a Rayleigh distribution, Eq. (6) was fitted to sample
histograms of echo amplitude fluctuations at a fixed delay of 50 ,is for different trans-
mitted pulse widths. Figures 13-16 show these histograms and the corresponding curve
fits, with the axis of ordinates normalized to yield values for the sample PDF and the
axis of abscissas normalized with respect to the sample standard deviation. The curve
fits were performed following a recently suggested data display technique [17]. First an
estimate 6 2 of o2 was obtained by computing the variance of the data for a number of
pulses and substituting it into Eq. (7). Then using this estimate 6 2, the value of g(x) at
the center point xj of each histogram interval was calculated from Eq. (6) and the differ-
ence between g(x) and the sample PDF, the so-called residue r(xj), was formed. Figure
13b shows an example of the residues r(xj) plotted vs normalized pulse amplitude for the
200-/s transmitted pulse-width case. Figure 13c shows an inverted Rayleigh distribution
for the same case. The total area under the residues was subsequently computed and the
above procedure repeated for q2 slightly different from 6 2. That value of a2 which min-
imized the total area under the residues was chosen as providing the best fit. This curve-
fitting method had the effect of contrasting the data to yield a good display of the
distribution of the pulse fluctuations about the assumed PDF. As can be seen in Figures
13-16 the solid lines are good fits to the apparently Rayleigh-distributed data.

13
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Fig. 14 - Moon echo sample probability density function for a
100-ps transmitted pulse width at a 50-ps delay
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Fig. 15 - Moon echo sample probability density function for a
50-ps transmitted pulse width at a 50-ps delay
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Fig. 16 - Moon echo sample probability density function for a
20-/Is transmitted pulse width at a 50-ps delay

CONCLUDING REMARKS

In summary, this report presents an analysis of observations of the quasi-specular
component of radar Moon echoes at a radio frequency of 138.6 MHz with pulse width
as a parameter. The following conclusions have been drawn.

1. The form of the average waveform consists of two parts; the first one has a
constant level of duration roughly equal to the transmitted pulse width, and the second
one an exponential decay independent of pulse width.

2. The returns behave like random narrowband signals of bandwidth roughly pro-
portional to the reciprocal of the transmitted pulse width, but with a peaked spectral
component independent of transmitted pulse width.

3. The echo fluctuations about the exponential portion of the average waveform
tend to have a Rayleigh probability density function independent of pulse width.

These conclusions should prove helpful in the design and evaluation of Moon echo
signal-processing techniques using these statistical properties of the signal as their starting
point.
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